Mathematical Calculations for the ISS Tracker

Imagine drawing a line directly from the ISS to the centre of the Earth. The point on the surface is known as the nadir
and these coordinates can be retrieved through an application programming interface (API) on the http://open-
notify.org/ website. To find the ISS in the sky, we need to know the direction (bearing) and height (elevation) to
point at, relative to our own location.

The data is downloaded in JSON format so it needs to be parsed (broken into meaningful chunks of information).
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You will need to know your own location, measured as decimal latitude and longitude which you can do on Google
maps if you right click on your location. This needs to be added to the programming code.

The first measurement we need to calculate is the bearing from the observer’s location to the nadir point.
Fortunately, we have the latitude and longitude coordinates for these two points, so we can calculate the angle
between them.

| have set up a spreadsheet so you can experiment with different locations and see if the answers match up with the
bearings that are calculated on an interactive map.

Let’s look at the formula to calculate the bearing, B from one set of co-ordinates to another.

X = cos (Bb) * sin (Ap)

a = my location

Y = cos (6a) * sin (Bb) - sin (Ba) * cos (Bb) cos (Ap) b = ISS location

Bearing, B = atan2(X,Y) B = azimuth bearing from observer to ISS
0 = Latitude

Note that the program uses radians rather than degrees to measure ¢ = Longitude

the angles. To convert degrees into radians, you need to multiply by Pi | A¢ = difference in longitude
and divide by 180.

This is how the bearing calculation has been coded:

// ESP32 calculates angles in radians (not degrees)

louble latitude in radians = latitude * PI / 180;
louble longitude in radians = longitude * PI / 180;
louble my latitude in radians my latitude * PI / 180;
double my longitude in radians = my longitude * PI / 180;
// calculate azimuth bearing to ISS
louble x = cos(latitude in radians)*sin(longitude in radians-my longitude in radians);
louble y = cos(my latitude in radians)*sin(latitude in radians
sin(my latitude in radians*cos(latitude in radians

*cos (longitude in radians-my longitude in radians);
louble b = atan2(x,vy):
//Serial.print ("Bearing to ISS: ");
b=b*180/PI;// convert to degrees

//Serial.println(b);



http://open-notify.org/
http://open-notify.org/
https://www.google.co.uk/maps/@54.4335482,-4.6699087,6.5z
https://www.google.co.uk/maps/@54.4335482,-4.6699087,6.5z
https://www.igismap.com/map-tool/bearing-angle

Now that we have the bearing to the ISS, we need to work out how high to point the arrow, known as the elevation
using some trigonometry.

When creating a mathematical model, we may need to make some assumptions to keep things simple. For this
example, | have assumed that the Earth is a perfect sphere, and we know the radius of it (Re= 6371 km). The ISS
position is constantly being monitored, so when the orbital distance decays due to atmospheric drag, it is boosted to
maintain its height. In 2019, this ranged from 405km to 418km but to keep the calculations simple, an average
orbital distance has been used (h =412 km).

Consider the diagram below. If we can calculate the angle a (alpha) it is possible to elevate the tracker’s pointer to
the right position. It can be seen from the diagram, that if the pointer is initially pointing straight down towards the
centre of the Earth (which is set up when the device is calibrated), it needs to rotate through a degrees to point at
the ISS.

We need to calculate the straight-line distance between the observer
ISS (S) and the nadir (ON).

@ The first step is to convert the latitude and longitude coordinates to
X,Y,Z cartesian coordinates.

X = Rg cos(8) cos(p)
Observer (0)

©

Y = Rg cos(0) sin(p)
g Nadir (N)

Z = Rg sin(0)

We can use Pythagoras’ theorem in three dimensions to calculate the
distance. ON is the distance from the observer to the nadir.

ON = \/(Xiss - Xme)2 + (Yiss - Yme)z + (Ziss - Zme)2

Where
X;ss = X coordinate for the ISS
Yiss = Y coordinate for the ISS

Not to scale

Re = Radius of Earth (6371 km) Ziss = Z coordinate for the ISS
h=altitude of I5S (average 412 ko) Xme = X coordinate for my location
ON = straight line distance between points on Earth . i

a = elevation angle to point to ISS Yme = Y COOI‘dInate fOI‘ my |OcatI0n

Zme = Z coordinate for my location

This is coded as:

uble dist to nadir = sqrt(sq(x2-x1)+sq(y2-yl)+sq(z2-z1));

//Serial.print ("Distance to nadir :");

//Serial.println(dist to nadir);




The next stage is to work out the geocentric angle Y (psi) from the observer to the ISS. We now know distance ON,
so we can split the triangle into two right angle triangles and use the sine function to calculate .
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This is coded as follows:

geocentric angle in radians = 2 * asin(dist to nadir/(2*earth radius));
//Serial.print ("Geocentric angle in degrees :");
//Serial.println(geocentric angle in radians * 180 / PI);

Using the Law of Cosines to calculate distance ¢ from the observer to the ISS.

c? = (h+ Rg)?* + Rz* — 2(h + Rg).Rg cos()

c = J(h+RE)2 + Rz? —2(h + Rg).Rg cos()

We have three sides and one angle of the triangle (), so we can use the Law of Sines to calculate the angle a.

sin(f)  sin(a)
c  (h+ Rgp)

sin(a) = (h+ RE)(SinC(‘I’))

o sin(y)
a = sin 1((h+ RE) ( . )>

This is coded as:

: ISS_angle = (180 / FI) * asin((orbit + earth radius) * (sin(geocentric_angle_in radians)/distance to ISS));

When the device starts, it needs to have a reference point, so it knows where the pointer is pointing. Initially the
elevation angle is set to point straight down, to the centre of the Earth. It is then raised up to point at Polaris, the
North Star which is easy to do, as the elevation angle is the same as your latitude angle. Once the pointer is aligned
with true north, the azimuth position will also be known.



https://mathworld.wolfram.com/LawofCosines.html
https://www.mathsisfun.com/algebra/trig-sine-law.html
https://www.eso.org/public/outreach/eduoff/aol/market/information/finevent/polmath.html

The angles for the azimuth and elevation have now been calculated, so they need to be converted into motion using
the stepper motors.

// azimuth stepper motor has 4096 half steps per revolution and gear ratio 113/22
azimuth_motor.m\vufu(4096/360 * 113722 * b);

// elevation motor has 4096 half steps per revolution

elevation motor.moveTo (4096/ 360 * ISS angle);
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